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Abstract
Let K be a closed convex nonempty subset of a real q-uniformly smooth Banach space and
let T : K 7! K be demicontractive with (I   T ) demiclosed at 0 2 K. It is proved that the
Mann and Ishikawa iteration processes with errors (in the sense of Xu [24]) converge weakly to
a xed point of T . If K is compact and convex, then the convergence is strong. Related results
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Let H be a Hilbert space. In [1,7] the following class of maps was introduced. A map T with
domain D(T ) and range R(T ) in H is said to be strictly pseudocontractive (in the sense of





+ kkx  y   (Tx  Ty)k
2
(1)
Let F (T ) = fx 2 D(T ) : Tx = xg. If F (T ) 6= ; and there exists a constant k 2 [0; 1) such that
8 x 2 D(T ) and x













then, T is said to be demicontractive. It is easy to see that a strictly pseudocontractive map
with a xed point is demicontractive. Thus, the class of demicontractive maps properly includes
the class of strictly pseudocontractive maps with xed points (see e.g., [1,7,17]). The important
class of quasi-nonexpansive maps (where a map T is said to be quasi-nonexpansive if F (T ) 6= ;
and kTx   x

k  kx   x

k; 8 x 2 D(T ) and 8 x

2 F (T )) is also a subclass of this class of
maps. Moreover, if the xed point set F (T ) is nonempty, then the classes of maps studied by
such authors as Goebel et al [6], Kannan [9] and Wong [21] are special subclasses of the class of
demicontractive maps. Furthermore, If we set  =
(1 k)
2
, then it is routine to see that, in Hilbert
spaces, (2) is equivalent to the condition: there exists a constant  > 0 such that 8 x 2 D(T )
and x

2 F (T ) we have that
<ehx  Tx; x  x

i  kx  Txk
2
(3)
which is the condition satised by the class of maps introduced by Maruster [12]. Thus, the class
of nonlinear maps introduced in 1977 by Hicks and Kubicek [7] and Maruster [12] independently
coincide in Hilbert spaces. It is easy to observe from (2) that
kTx  x
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and from (3) that
kx  x

k  kx  Txk  (kTx  x







k  Lkx  x

k; with L = 1 + 
 1
(5)
Several authors have studied this class of nonlinear maps (see e.g., [1-9, 10, 12-20]) and conver-
gence theorems established for iteration processes of the Mann-type (see e.g., [11]).
It is our purpose in this paper to establish strong and weak convergence of both the Mann
and Ishikawa iteration processes (with errors) to a xed point of a demicontractive map in real
q-uniformly smooth Banach spaces.
2
2 Preliminaries






kx+ yk+ kx  yk
2
  1 : kxk = 1; kyk = 

;  > 0
The linear space E is said to be smooth if 
E
() > 0 8 > 0. If there exists a constant c > 0










and the Sobolev W
m
p
spaces for 1 < p <1. In fact, these spaces are p-uniformly
smooth if 1 < p  2 and 2-uniformly smooth for p  2.
Let E

denote the dual of E and let J
p
: E 7! 2
E




















where h:; :i denotes the generalized duality pairing. It is known (see e.g., [22,23]) that J
p
is
single-valued (and denoted by j
p
) and `Lipschitz' Holder-continuous with constant L

> 0 if E









; 8 x; y 2 E






x where J = J
2
is the normalized duality map.
If E is a real q-uniformly smooth Banach space, then (see e.g., [22]) the following inequality














In [2], Chidume extended the condition (3) to arbitrary real Banach spaces thus: 8 x 2
D(T ); x

2 F (T ) and j(x  x

) 2 J(x  x

) there exists a positive constant  such that
hx  Tx; j(x  x

)i  kx  Txk
2
(7)






































We shall need the following denitions in the sequel: Let K be a subset of a Banach space
E. A map T : K 7! E is said to be demiclosed at z 2 E if the weak convergence of fx
n
g  K
to some point p 2 K and the strong convergence of fTx
n
g to z implies that Tp = z. A map
T : K 7! E is said to be demicompact at z 2 K if for any bounded sequence fx
n
g  K such
that (I   T )x
n
! z as n!1 then there exist a subsequence fx
n
j




! p as j !1 and (I   T )p = z.
We now prove the following theorems.
3
3 Main Theorems
Theorem 1 Let K be a closed convex nonempty subset of a real q-uniformly smooth Banach




















g  [0; 1]















































where s = minf1; q   1g. Then, the sequence fx
n



































; n  0 (10)
converges weakly to a xed point of T .
Proof. Let x




































































































































































































































































































































































































































































































































The last inequality follows from the fact that for x; y 2 [0; 1] the following estimate holds
f(x; y) = (1  x  y)
q



































































































































































































































































































































































































































































We consider the following two cases:












































































































































































! o as j !1
Since (I  T ) is demiclosed at o 2 K and K is weakly closed, we have that p 2 F (T ), the xed






































































































































































  p)! 0 as j !1; 8 k  0


















































* p as j !1







































































k ! 0 as j !1
Since, the claim is trivially true for k = 0, it follows by the inductive hypothesis that the claim
holds for all k > 0. Hence, fx
n
g converges weakly to a xed point of T . This completes the
proof. 2
Theorem 2 Let E and the sequences be as in Theorem 1. Suppose that K is compact convex
and that T : K 7! K is demicontractive. Then, the sequence fx
n
g converges strongly to a xed
point of T .




k = 0. This





g converges strongly to a xed point,
say p, of T . From
kx
n




































it follows that fx
n
j
g also converges strongly to p. This implies that lim inf kx
n
 pk = 0. Observe
































Now, given any " > 0 there exist an integer j
0







; 8 j  j
0
and another integer N
1









since the tail of a summable series is arbitrarily small. Choose j











































strongly as n!1. This completes the proof.
2
Theorem 3 Let T;K;E be as in Theorem 1 and let fu
n

























Then, the sequence fx
n

















; n  0 (11)

































































































































! o and x
n
j
* p as j !1
Since K is weakly closed and (I   T ) is demiclosed at o 2 K then p 2 K and (I   T )p = o.

































































Since the claim is trivially true for k = 0 the claim follows by the inductive hypothesis. Thus,
the assertion of the theorem holds and the proof is complete. 2
Theorem 4 Let E and the sequences be as in Theorem 3 and let K be compact and convex.
Suppose that T : K 7! K is demicontractive. Then, the sequence fx
n
g converges strongly to a
xed point of T .
Proof. Follows as in the proof of Theorem 2 with minimal changes. 2
Corollary 1 In Theorem 1, let T : K 7! K be demicontractive and continuous at a point p, a
cluster point of fx
n
g. Let
(i) 0 <   b
n




















where s = minf1; q   1g. Then, p 2 F (T ) and fx
n










. Then, for some positive constant d we have that 
n


















































































Since p is a cluster point of fx
n




































! p as j ! 1 and so Ty
n
j













































) < 1, it follows that lim kx
n










  pk = 0. This completes the proof. 2
Corollary 2 In Theorem 3, let T : K 7! K be demicontractive and continuous at a point p, a



















g converges strongly to p.
Proof. Follows easily from Corollary 1 on setting b
0
n




Corollary 3 In Corollary 1, let T : K 7! K be a demicontractive map which is also demicom-
pact at o 2 K. Then, fx
n
g converges strongly to a xed point of T .
Proof. Since fy
n




g converges strongly to o, then by





g which converges strongly to









































)! 0 as j !1
we have that fx
n
j
g converges strongly to p. The rest now follows as in the proof of Corollary
1. 2
Corollary 4 In Corolary 2, let T : K 7! K be a demicontractive map which is also demicompact
at o 2 K. Then, fx
n
g converges strongly to a xed point of T .
Proof. Follows easily from Corollary 3. 2
4 Remarks
1. By setting c
n
 0  c
0
n
in our theorems, we obtain that the usual Mann and Ishikawa
iteration processes converge (strongly and weakly, according to conditions) to a xed point
of T .
2. The convergence theorems in this paper do not depend on the Opial condition and as such
our theorems hold, in particualr, in the Lebesgue L
p
(p 6= 2) spaces.
3. Suppose that A : E 7! E is a continuous linear operator, with zero as an eigenvalue,
satisfying the condition that for all z 2 D(A) and some  a positive constant,
hAz; j(z)i  kAzk
2
10
Suppose further that f 2 R(A). Then we may apply, say, Corollary 1 to prove that the
Mann and Ishikawa iteration methods (with errors) converge strongly to a solution of the
equation Ax = f . The details are routine.
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